Let E/Q be an elliptic curve defined over Q with conductor N and Gal(Q/Q) the absolute Galois group of an algebraic closure Q of Q. We prove that for every
for every automorphism σ ∈ Gal(Q/Q), the Mordell-Weil group E(Q σ ) over the fixed subfield of Q under σ has infinite rank.
To prove the conjecture for a given E/K, ultimately one must find an infinite supply of rational points of E over finite extensions of K contained in K σ . In [3] , we constructed such points using Diophantine geometry, essentially by searching for sufficiently rational subvarieties of certain quotients of the n-fold product E n of E.
Here we use a completely different approach, coming from arithmetic: taking advantage of the modularity of elliptic curves over Q, we choose our rational points on E to be algebraic points over ring class fields -the so-called Heegner points. The main strategy is as follows: by using the norm compatibility properties of Heegner points and a generalized dihedral group structure of the Galois groups of ring class fields over Q, we show that the rank of E over the ring class fields is unbounded as the ring class fields get larger.
And we also show that a given automorphism σ ∈ Gal(Q/Q) does not fix a quadratic imaginary extension of Q over which all primes dividing the conductor of E are split, then the rank of E over the fixed subfields of the ring class fields under σ is unbounded as the ring class fields get larger, which proves that the rank of E over Q σ is infinite. On the other hand, if σ ∈ Gal(Q/Q) fixes infinitely many quadratic imaginary extensions, then we can construct infinitely many linearly independent points defined over each of them by applying the Hilbert irreducibility theorem to a Weierstrass equation of E/Q directly and this also proves infinite rank of E over Q σ .
Let f ∈ K(t 1 , . . . , t m )[X 1 , . . . , X n ] be a polynomial with coefficients in the quotient field K(t 1 , . . . , t m ) of K[t 1 , . . . , t m ] which is irreducible over K(t 1 , . . . , t m ). We define H K (f ) = {(a 1 , . . . , a m ) ∈ K m | f (a 1 , . . . , a m , X 1 , . . . , X n ) is irreducible over K} to be the Hilbert set of f over K. If for every m ≥ 1, any intersections of a finite number of Hilbert sets with a finite number of nonempty Zariski open subsets in K m are not empty (in fact, they are infinite), a field K is called a Hilbertian field. Lemma 1.1. Let L be a finite separable extension of a Hilbertian field K and let f be a polynomial in L(t 1 , . . . , t m )[X 1 , . . . , X n ] which is irreducible over the quotient field L(t 1 , . . . , t m ). Then, there exists a polynomial p ∈ K[t 1 , . . . , t m , X 1 , . . . , X n ] such that p is irreducible over K(t 1 , . . . , t m ) and H K (p) ⊆ H L (f ).
Proof. For a given irreducible polynomial f ∈ L(t 1 , . . . , t m )[X 1 , . . . , X n ], by ([4] , Ch.11, Lemma 11.6), there is an irreducible polynomial q ∈ K(t 1 , . . . , t m )[X 1 , . . . , X n ] such that 
for any open interval I in R. 
H K (f i ). On the other hand, for each real embedding τ j of K, we have τ j | Q = id Q . Hence for all
Here is our main theorem. Theorem 1.3. Let E/Q be an elliptic curve over Q. Then, for every automorphism
Proof. Let N be the conductor of E and let y 2 = x 3 + ax + b be a Weierstrass equation of E/Q. By the change of variables, we may assume that a and b are integers. Let
Then, there exists a real number r such that for all x < r, the expression f (r) is strictly negative. Let I = (−∞, r) be the open interval in R of all real numbers less than r. Since Q is Hilbertian, by Lemma 1.2, there exists an integer m 1 ∈ I such that y 2 − f (m 1 ) is irreducible over Q. Let K m 1 = Q( f (m 1 )) be the quadratic imaginary extension of Q.
By Lemma 1.1, there is a polynomial p over Q such that H Q (p) ⊆ H Km 1 (y 2 −f (x)). Then, by Lemma 1.2 again, there exists an integer m 2 ∈ I ∩ H Q (p). So K m 2 = Q( f (m 2 )) is a quadratic imaginary extension of Q and K m 1 and K m 2 are distinct, hence linearly disjoint over Q. By repeating this procedure over the composite field of quadratic imaginary extensions obtained from the previous steps inductively, there is an infinite set S of integers such that for all m ∈ S
(1) f (m) < 0, so that K m := Q( f (m)) is a quadratic imaginary extension of Q,
(2) the fields in the infinite sequence {K m } m∈S are linearly disjoint over Q and
Note that for each m ∈ S and for every prime p i dividing N,
Hence, this implies that all primes dividing N are split in K m . On the other hand, the discriminant of K m is f (m) or 4f (m) depending on whether f (m) ≡ 1 (mod 4) or not, respectively. And in any case, the discriminant of K m is prime to N.
Let σ ∈ Gal(Q/Q). We divide into two cases. For the first case, suppose that for all m ∈ S, σ| Km = id Km . Then, for each m ∈ S, consider the number 1 + Mm M 2 ∈ Q. By plugging this number into the given Weierstrass equation of E/Q, we get
Hence the point
. And moreover, since K m = K σ m , P m is fixed under σ. So we get an infinite sequence {P m } m∈S of points in E(Q σ ) such that each P m is defined over the quadratic imaginary extension K m over Q. We may assume that these points are not torsion points by ([9] , Lemma). Now we show the points P m for m ∈ S are linearly independent. Suppose that for some integers a i and m i ∈ S,
Since the fields in {K m } m∈S are linearly disjoint over Q, for each i, there is an automorphism of Q which fixes all but one K m i of K m 1 , . . . , K m k . Note that such an automorphism takes P m i to its inverse, −P m i . Applying this automorphism, we get
By subtracting, we get 2a i P m i = O, which implies a i = 0. We conclude that the P m for
For the second case, suppose that there is an integer m ∈ S such that σ| Km = id Km .
Then, fix such a quadratic imaginary extension K m , and call it K, and let K ab be the maximal abelian extension of K. Then, we complete the proof of this case as a consequence of the following stronger statement: The proof of Theorem 1.4, which lies deeper than the methods used in the first case will be treated in the following section and will be given explicitly in Proposition 2.9, as it requires modularity of E/Q and the theory of complex multiplication which give a non-torsion algebraic point of E under the given assumption in the second case.
The rank of E over ring class fields of imaginary quadratic fields
The goal of this section is to prove Theorem 1.4 -stated at the end of the previous section. By a theorem of Wiles [12] and Taylor-Wiles [11] (completed by a later work of Breuil, Conrad, Diamond and Taylor [1] ), the elliptic curve E/Q is known to be modular.
Our strategy is to construct algebraic points on E((K ab ) σ ) using Heegner points over the ring class fields arising from the theory of complex multiplication.
We will need the following lemma later. 
is surjective. In particular, let M be large enough such that every p ≥ M is unramified in K, since K is ramified at only finitely many primes.
Since Ker(ρ p ) is an open normal subgroup of Gal(Q/Q), there is a finite extension L over Q such that Ker(ρ p ) = Gal(Q/L).
And since
has a unique subgroup of index 2, the kernel of det p−1 2 , the unique quadratic field L ′ over Q in L is ramified only at p. On the other hand, since p is unramified in K, the fields K and L ′ are linearly disjoint. Let S be a finite set of primes such that the composite field KL ′ is unramified and K is unramified outside S. Then, by the Cebotarev density theorem, each Frobenius automorphism Frob q comes up infinitely often in Gal(KL ′ /Q), for q / ∈ S.
Since K and L ′ are linearly disjoint, we can choose the Frobenius automorphism Frob q in Gal(K/Q) and Gal(L ′ /Q), independently. Hence, there is a prime q = 2 such that q is inert in K and
where a is in F p such that the order of a is not 2 in F p and b is some element of F p . Then, we have
This implies that p does not divide a q , which is condition (2) . Also, we have
This implies that p divides q + 1 which is condition (3) . Hence such a prime q satisfies all conditions (1) though (3).
Suppose E/Q has CM. Let R = End(E) and F = R ⊗ Q. Then, F is an imaginary quadratic extension of Q such that R = End F (E).
By ([8] , §4. Corollary of Theorem 5), there is a large integer M such that for all primes p ≥ M, the continuous Galois representation ρ p factors through a surjective homomorphism,
, the norm map and the trace map from R p to Z p are the restrictions of the determinant map and the trace map on M 2 (Z p ).
Let O be the maximal order in F . Then, O/R is finite, so if p ≫ 0,
depending on whether p is split or inert in F . In either case, the norm map N is a non-degenerate quadratic form on the underlying 2-dimensional vector space over F p . For any non-zero k, N(α) − kz 2 is a non-degenerate quadratic form on the 3-dimensional F pvector space R/pR × F p . In particular, N(α) = −z 2 defines a conic curve. Since any conic has a rational point over a finite field by the Chevalley-Warning theorem ( [7] , Chapter I, Theorem 3), the conic N(α) = −z 2 over F p is isomorphic to P 1 , hence it has p + 1 points. Since N(α) = 0 (when z = 0) has at most two non-trivial solutions on the line at ∞, there are at least p + 1 − 3 points of N(α) = −1. Therefore, for any prime p ≥ 5, N(α) = −1 has at least three solutions over F p . On the other hand, the trace map T is a linear form on the underlying 2-dimensional vector space. And the system of two equations, T (α) = 0 and N(α) = −1 has at most two solutions. Since N(α) = −1 has at least three solutions for any prime p ≥ 5, we can find α ∈ R/pR such that
Since the norm N(α) of α is congruent to −1 (mod p), we can lift α to a p-adic unit α ∈ R * p by applying the Hensel's lemma to the norm map. Let M ≥ 5 be large enough that for all p ≥ M, R/pR ∼ = O/pO and let p ≥ M be inert in F and unramified in K.
Let d p denote the reduction of det(ρ p ) mod p, and let β p = d p−1 2 p . Then, Ker(β p ) is of index 2 in Gal(Q/Q) and therefore, corresponds to a quadratic extension L which is ramified only at p. Thus, the fields, F, K and L are all linearly disjoint over Q. In particular, σ p (Gal(F /F L)) is of index 2 in R * p , which has a unique open subgroup of index 2, since p is inert in F . As F K = F L, K is not contained in the field associated to Ker(σ p ), which implies K is linearly disjoint from this field. By the Cebotarev density theorem, there exists q which is inert in K and split in F and such that
Then, we have
This implies that p does not divide a q , which is condition (2) . Also, we have q = det(σ p (Frob q )) = N( α) ≡ −1 (mod p).
This implies that p divides q + 1 which is condition (3). This completes the proof.
For a given elliptic curve E/Q, we fix an element σ ∈ Gal(Q/Q) and a quadratic imaginary extension K of Q which is not fixed under σ. And we assume that all primes dividing the conductor N of E/Q are split in K. Note that this setting corresponds to the second case in the proof of Theorem 1.3.
For each integer n relatively prime to N, let H n denote the ring class field of K of conductor n. By ( [2] , Chapter 3, Theorem 3.6), there is an algebraic point P n ∈ E(H n ) which is called a Heegner point of conductor n. Let HP (n) ⊂ E(H n ) denote the set of all Heegner points of conductor n in E(H n ). Then, the set HP (n) satisfies the following properties.
First, we recall the norm-compatibility properties of Heegner points. 
Proof. See ( [2] , Chapter 3, Proposition 3.10). Then, the set E(H ∞ ) tor is finite.
Proof. See ( [2] , Chapter 3, Lemma 3.14).
The following lemma describes the structure of the Galois groups of ring class field over an imaginary quadratic extension K of Q. Proof. To prove the first part of (a), for n ≥ 1 and k ≥ 1,
By the logarithmic function from
Hence, we have
For the second part of (a),
To prove (b), for each i = 1, ..., m, ) ∼ = (Z/λZ) * /(Z/p i Z) * , where λ is a prime factor of p. ∼ = Z/(p i + 1)Z.
A Heegner system attached to (E, K) is a collection of points P n ∈ E(H n ) indexed by integers n prime to the conductor N of E, and satisfying the norm compatibility properties given in ( [2] , Chapter 3, Proposition 3.10 including Proposition 2.2) and the behavior under the action of reflections described in ( [2] , Chapter 3, Proposition 3.11).
In our setting, since all primes dividing N are split in K (recall the construction of K in the proof of Theorem 1.3), there is a Heegner system in which at least one of the points P n for some n is non-torsion by ( [2] , Chapter 3, Theorem 3.13). We call such a Heegner system a non-trivial Heegner system. We will need the following lemma. 
We may assume that m = p k for some prime p dividing m and for a positive integer k by replacing Q by m p k Q. Then, either the exponent k or the prime p must go to infinity as M goes to infinity, since m = p k > M.
Since p is a prime, this implies that the point τ (p is unbounded, as a square-free integer m such that (m, rN ) = 1 goes to infinity.
Proof. First, we show that the group generated by all of Heegner points of conductor rm for all square-free integers m such that (m, rN ) = 1 in the given nontrivial Heegner system is not finitely generated. Suppose this group is finitely generated. Then, since there are only finitely many torsion (Heegner) points over all the ring class fields in the system by Only finitely many primes divide either P n in E(H n ) or points of E(H ∞ ) tor , because E(H n ) is finitely generated by the Mordell-Weil Theorem and there are only finitely many torsion points over all the ring class fields in the system by Lemma 2.3. Let S be the finite set of primes which divide either P n in E(H n ) or the order of any point of the finite set E(H ∞ ) tor . Then, we can choose a large odd prime p / ∈ S such that p ≥ n + 2 and if E has no CM, then p is unramified in K and if E has CM, then p is inert in the imaginary quadratic extension, End(E) ⊗ Q of Q.
Then by Lemma 2.1, there is a prime q such that And since q + 1 ≥ p by (2) and p ≥ n + 2, q is strictly greater than n. This implies q does not divide n. Therefore, the ring class field H nq is a proper finite extension of H n and nq is again a square-free multiple of r and (nq/r, rN) = 1.
By the norm-compatibility property given in Proposition 2.2, when q ∤ n is inert in K,
we have
Trace Hnq/Hn (P nq ) = a q P n .
On the other hand, E(H nq ) = E(H n ), by assumption. Hence the trace of P nq from H nq to H n is divisible by the degree of H nq over H n which is q + 1 by (b) of Lemma 2.4.
Hence, Trace Hnq/Hn (P nq ) is divisible by p by the property (3). But by the property (4) and since p / ∈ S, p divides neither a q nor the point P n , which is a contradiction. So we have shown that the group generated by the Heegner points of conductor rm for all square-free integers m is not finitely generated. In particular, this shows that there is a non-torsion point P nq ∈ E(H nq ) but not in E(H n ).
By Lemma 2.5, for such a non-torsion point P nq / ∈ E(H n ), there exists an integer M such that mP nq / ∈ E(H n ) for all m > M. In other words, the point P nq is independent of any points in E(H n ). Hence, E(H n ) ⊗ Q = E(H nq ) ⊗ Q. Therefore, we conclude that the rank of E(H rm ) cannot be bounded, as a square-free integer m such that (m, N) = 1 goes to infinity. Now we prove the unboundedness of the rank of Mordell-Weil groups over all the ring class fields of conductor cp n as n goes to infinity and this will be an important role in proving the main theorem. To prove this, we need the following simple lemma.
Lemma 2.7. For an elliptic curve E/Q and for a prime p not dividing the conductor of E, let a p = p + 1 − #E(F p ). Then, there is no infinite sequence {c n } ∞ n=0 of integers with c 0 = 0 and satisfying the following linear recurrence, pc n+1 = a p c n − c n−1 , for n ≥ 1, and for every N, there exists n > N such that c n = 0.
Proof. Suppose there is such an infinite sequence {c n } ∞ n=0 of integers satisfying the above conditions. Then, the linear recurrence implies that ( * ) c n = α n b 0 +β n b 1 , for all n ≥ 1,
where α and β are two solutions of the quadratic equation x 2 − ap p x + 1 p = 0 and
Note that this quadratic equation has no rational solutions, because if there was, the only possible pairs of rational solutions are 1 and 1 p or −1 and − 1 p and in either case, we get a p = ±(p + 1) which is impossible since |a p | < 2 √ p by Hesse's inequality ( [10] , Chapter V, Theorem 1.1). And b 0 = 0 and b 1 = 0 since c 0 is a nonzero integer and α and β are not rational numbers.
Let F be a quadratic extension of Q containing α and β and choose an embedding of F into Q p with the valuation v p such that v p (α) < 0 and v p (β) = 0, where Q p is an algebraic closure of the p-adic field Q p . This is possible because αβ = 1 p and we can take an automorphism of F and take an embedding of F into Q p such that v p (α) < 0 and v p (β) = 0.
Since b 0 = 0 and v p (β) = 0, the recurrence relation ( * ) implies that for all large integers n, v p (c n ) is dominated by v p (α n−1 ) which is negative. But for each N, there exists n > N such that c n = 0. Since a nonzero integer c n has a nonnegative valuation, we get a contradiction. Hence, there is no such a sequence. Proposition 2.8. Let N be the conductor of the given elliptic curve E/Q. If there is a nontrivial Heegner system attached to (E, K), where K is a quadratic imaginary extension of Q which is different from the field End(E) ⊗ Q, then for a prime p such that p ∤ r · N · [H r : K] · disc(H r ), there exist an integer r such that the rank of E(H rp n ) is unbounded, as n goes to infinity.
Proof. Let p be a prime p ∤ r · N · [H r : K] · disc(H r ). As we have shown in Proposition 2.6, we show that for some integer r, the group generated by all of Heegner points of conductor rp n for all integer n ≥ 1 in the given nontrivial Heegner system is not finitely generated. Suppose for any integer r, this group is finitely generated. Then, since there are only finitely many torsion (Heegner) points over all the ring class fields in the system by Lemma 2.3, for some integer k, there is a fixed ring class field H rp k over which all Heegner points of conductor rp n for all n ≥ 1 are defined. Let n 0 = rp k . Since the given Heegner system is nontrivial, we may assume that a Heegner point P 0 of conductor n 0 = rp k is of infinite order.
By the norm-compatibility property given in Proposition 2.2, we have that for all n ≥ 1, Trace H n 0 p n+1 /H n 0 p n (P n+1 ) = a p P n − P n−1 , where P i are Heegner points of conductor n 0 p i .
Since P n+1 is defined over H n 0 , hence over H n 0 p n by assumption, the trace of P n+1 from H n 0 p n+1 to H n 0 p n is the degree of H n 0 p n+1 over H n 0 p n which is p by (a) of Lemma 2.4.
Hence, the infinite sequence of Heegner points of conductor of the form n 0 p n satisfies the linear recurrence relation, ( * * ) pP n+1 = a p P n −P n−1 , for all n ≥ 1.
By the Mordell-Weil Theorem, E(H n 0 ) is finitely generated, so by dividing by its torsion subgroup E(H n 0 ) tor , all points P n mod E(H n 0 ) tor lie in Z k for some k. Suppose that E(H n 0 ) ∼ = ZQ 1 + · · · + ZQ k + E(H n 0 ) tor . Now we consider all points P n mod E(H n 0 ) tor and denote it by P n again by abuse of natation. Let P n = k i=1 c n,i Q i for integers c n,i . Since P 0 is not a torsion point by the assumption, without loss of generality we may assume that c 0,1 = 0. Then, either c 2,1 or c 3,1 is nonzero, since otherwise, the relation ( * * ) implies that Q 1 is a linear combination of points Q 2 , Q 3 , . . . , Q k over Z which contradicts the linear independence of points Q i . By using ( * * ) and linear dependence of points Q i inductively, we can show that pc n+1 = a p c n − c n−1 for all n ≥ 1, and if c n,1 = 0, then either c n+1,1 = 0 or c n+2,1 = 0. Hence, by letting c n = c n,1 , we get an infinite sequence {c n } ∞ n=0 of integers satisfying the pc n+1 = a p c n − c n−1 for all n ≥ 1 with c 0 = 0 and for each N, there exists n > N such that c n = 0. This is impossible by Lemma 2.7. Therefore, we conclude that the rank of E(H rp n ) is not finitely generated, as n → ∞. In particular, by Lemma 2.5, we conclude that the rank of E(H rp n ) cannot be bounded, as n goes to infinity.
Finally, the following proposition proves Theorem 1.4 hence, completes Theorem 1.3. Proposition 2.9. Let σ ∈ Gal(Q/Q). Let K be a quadratic imaginary extension of Q such that σ| K = id K and K is different from End(E) ⊗ Q. Suppose all primes dividing the conductor N of E are split in K. Then, the rank of the Mordell-Weil group E(H σ n ) over the fixed subfield of H n under σ is unbounded, as n goes to ∞. Hence, the rank of E((K ab ) σ ) is infinite, where K ab is the maximal abelian extension of K.
Proof. Since all primes dividing the conductor N of E are split in K, there is a nontrivial Heegner system attached to (E, K) by ( [2] , Chapter 3, Theorem 3.13). For a given σ ∈ Gal(Q/Q), since σ| K = id K , the restriction of σ to each ring class field H n in the given Heegner system can be lifted as an involution of H n . Let σ n = σ| Hn be the restriction of σ to H n . Then, each ring class field H n has a generalized dihedral group structure as its Galois group over Q with an involution σ n such that for any τ ∈ Gal(H n /K), σ n τ σ n = τ −1 .
By Proposition 2.8, we fix a prime p and an integer r such that p ∤ r·N ·[H r : K]·disc(H r ) and the rank of E(H rp n ) is unbounded, as n goes to infinity. We prove that for an odd prime p not dividing rN[H r : K]disc(H r ), the rank of E(H σ rp n ) is unbounded as n goes to infinity. Suppose not. Then since the restriction σ n of σ to H rp n acts by an involution of each ring class field H rp n , there exists a fixed integer n 0 = rp k for some k ≥ 1 such that σ acts by −1 on any nontrivial quotient (E(H n 0 p n ) ⊗ Q)/(E(H n 0 ) ⊗ Q), for all n ≥ 1.
By (a) of Lemma 2.4, Gal(H n 0 p n /H rp ) = Gal(H rp k+n /H rp ) is a cyclic group of order p k+n−1 . And Gal(H n 0 p n /H n 0 ) is a subgroup of Gal(H n 0 p n /H rp ). Hence, it is a cyclic subgroup of order p m for some m < k + n − 1.
Let τ n be a generator of Gal(H n 0 p n /H n 0 ). Consider E(H n 0 p n ) ⊗ Q as a representation of Gal(H n 0 p n /Q). And for each n, let M n = (E(H n 0 p n ) ⊗ Q)/(E(H n 0 ) ⊗ Q).
For every element α ∈ Gal(H n 0 p n /Q), let α| Hn 0 be the restriction of α to H n 0 . Then, α| Hn 0 is an element of Gal(H n 0 /K), since H n 0 is Galois over Q. Therefore, Gal(H n 0 p n /Q) acts on E(H n 0 ) ⊗ Q as well. So we can consider the quotient M n as a representation of Gal(H n 0 p n /Q).
Let ρ : Gal(H n 0 p n /Q) → GL(M n ) be the representation of Gal(H n 0 p n /Q). Then, by the hypothesis, σ n acts by −1 on M n .
Hence, ρ(σ n ) = −id on M n . On the other hand, by the dihedral group structure of Gal(H n 0 p n /Q), σ n τ n σ n = τ −1 n . Therefore, ρ(τ 2 n ) = ρ(τ n )ρ(τ n ) = (−id)ρ(τ n )(−id)ρ(τ n ) = ρ(σ n τ n σ n τ n ) = ρ(1) = id.
Hence, the restriction of ρ to the cyclic subgroup Gal(H n 0 p n /H n 0 ) of Gal(H n 0 p n /Q) generated by τ 2 n is a trivial representation of M n . Since the order of τ n is an odd integer p m , τ 2 n = τ n = Gal(H n 0 p n /H n 0 ). Therefore, we have Since H Gal(H n 0 p n /Hn 0 ) n 0 p n = H n 0 , E(H n 0 ) ⊗ Q = E(H n 0 p n ) ⊗ Q, for all n ≥ 1, which is a contradiction to Proposition 2.8.
Hence, the rank of E(H σ n 0 p n ) is unbounded, as n → ∞. Since all ring class fields H n 0 p n are abelian over K, this implies that the rank of E((K ab ) σ ) is infinite.
